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Animportant source of uncertainty in finite element models used for static and fatigue analysis is due to inaccuracy
in estimating both the magnitude and distribution of loads. Furthermore, it is often assumed in the models that the
structure is rigidly supported even though there may be significant compliance at the support. It is often difficult to
accurately estimate the compliance as well as the actual distribution of the load. Recent improvements in
experimental techniques enable full-field strain measurement with relative ease for structural components. A method
for using these measurements to compute the applied load and distribution, as well as compliances at the supported
boundaries, is presented in this paper. Accurately determining the loads and boundary conditions can significantly
improve the ability to predict fatigue life and the likely location of failure for structures.

Nomenclature

error objective function

nodal force components

error in computed maximum shear strains
linear approximation of G;

stiffness matrix components

spring stiffness

shape functions

number of unknown force components

number of unknown spring compliances
transformation matrix between local and global
coordinates

error in computed displacements

linear approximation of U;

computed displacement component

measured displacement component

variables of the minimization problem

spring compliance

computed in-plane maximum shear strain
measured in-plane maximum shear strain
strain components with respect to global coordinates
strain components with respect to local coordinates xyz
on the surface of the structure
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1. Introduction

OR critical load bearing structures, it is often necessary to

perform finite element analysis to predict the stresses and fatigue
life. However, the loads that a structure is subjected to during
operation are sometimes difficult to estimate accurately.
Furthermore, the distribution of the load may be nonuniform
especially when the load is applied by contact between two
structures. To create accurate models it is often necessary and
desirable that the magnitude and distribution of the load be
experimentally determined so that accurate finite element models can
be developed for stress and fatigue life predictions. Another source of
inaccuracy in finite element models is the applied boundary
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conditions. Because of difficulty in accurately estimating the
compliance at the supports, it is common practice to assume that the
supports are rigid. However, in many structural applications, such as
shafts supported by rubber bushings, this is not a good assumption.

Strain measurement is routinely done during the design cycle of
many products to ensure quality and reliability. Traditional
techniques for strain measurement are point-measurements taken
using strain transducers such as strain gauges. More recently, many
full-field strain measurement techniques have evolved that are less
intrusive and lower cost methods which provide continuous full-field
measured data at high-spatial resolution. Examples of full-field
measurement techniques include several optical measurement
techniques [1,2] such as moiré interferometry [3,4], speckle methods
[5,6], digital image correlation [7], and photoelastic [8] and brittle
coatings [9]. Some of these measurement techniques provide
displacement data, whereas others provide in-plane shear strain
measurement. Unlike the traditional point-by-point measurement
techniques, the full-field measurement techniques provide a very
large data seteven if the measurement is taken at only a fraction of the
total surface area of the structure. Techniques thatinvolve coating the
surface with photoelastic materials often take measurements only at
one conveniently accessible face of the structure.

The inverse method described in this paper was motivated by a
full-field strain measurement technique that was developed by
Hubner et al. [10—12] which makes use of a luminescent coating on a
structure. This optical-based technique, called strain sensitive skin
(S3)is used to measure in-plane strain data on members under static
loading conditions. This technique employs a coating consisting of a
luminescent dye and polymer binder that is applied through aerosol
techniques on the test member. Proper illumination stimulates the
dye and makes it emit luminescence that has a different wavelength
than the applied illumination. Optical filtering is used to separate the
excitation and emission signals. Various calibration tests have shown
that optical response is proportional to the sum of in-plane principal
strains. This technique of measuring the strains makes it viable to
determine strain fields for complex three-dimensional geometries.
Furthermore, this luminescent coating technique enables strain data
to be obtained at any point on the coated surface.

The goal of this paper is to present an inverse problem-solving
technique to solve for the applied loads and support compliances,
assuming that high-resolution displacement or shear strain data are
available from a full-field measurement technique, and that a
reasonably good finite element model of the structure is available.
The stiffness of the structure computed by the finite element model is
often not very accurate and could also be corrected or calibrated
using the measured data, but no such attempt is made in this paper. It
is also assumed that the surfaces or faces of the structure where loads
are applied or the structure is supported are known. The load
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components at all the nodes on these loaded surfaces are treated as
unknowns to be solved for in the inverse problem. Similarly, on the
surfaces where the structure is supported, the compliance of the
support is modeled as springs attached at all the nodes on the surface
and the compliances of these are treated as unknowns to be solved
for. Because a large amount of data are available from full-field
measurement, the number of data points typically far exceed the
number of unknowns. This allows the load distribution to be
computed at significant high-resolution by having a dense mesh with
a large number of nodes on the loaded surfaces.

Several methods have been developed for calculating the loads
from the structural response data. Chock and Kapania [13] have
described a method of updating the load by computing unknown
coefficients of a polynomial used to represent the load distribution.
The load is represented by Legendre polynomials with unknown
weight factors. The weight factors are determined by minimizing the
error between the measured values of displacements obtained
experimentally and those found by finite element analysis.
Shkarayev et al. [14] developed an inverse interpolation technique
to determine loads based on parametric approximation of the
aerodynamic loading. Cao et al. [15] demonstrated the use of
artificial neural networks to identify loads distributed across a
cantilevered beam. Carn and Trivailo [16] examined the use of neural
networks to estimate the aerodynamic loading from structural
response data. Aerodynamic loading conditions were simulated
based on F/A-18 fatigue test data conducted by the Royal Australian
Air Force. Liu et al. [17] have developed a video grammetric
technique for determining aerodynamic loads. Optical elastic
deformation measurements are used in their method to obtain the
normal force and pitching moment.

Attempts have also been made to estimate structural stiffness or to
identify similar system parameters using measured displacements
and strains. Sanayei and Saletnik [18] have proposed a method to
identify the element stiffness parameters of a structure by using
elemental strain measurements. In a companion paper, Sanayei and
Saletnik [19] described a heuristic approach for choosing a small
subset of strain measurements to have least sensitivity to error in
measurement. Truss and frame examples were used to demonstrate
the aforementioned approach. The genetic algorithm (GA) approach
has been used by Koh et al. [20] for parameter identification of large
structural systems in the time domain. They proposed a modal GA
method to overcome the enormous computational effort involved in a
direct GA method. Reich and Park [21] have presented a theory for
structural system identification using strains and translational
displacements as measured outputs. The method proposed has been
motivated by the advances in use of embedded piezoelectric sensors
and fiber optics. Measured displacement data have been used to
detect structural damage by probabilistic diagnosis concepts by Fu
and Moosa [22]. They describe an optical method of using charge-
coupled device cameras to measure the displacements in a loaded
structure. The displacements are computed by subpixel edge
detection techniques using images taken before and after the loads
are applied.

The inverse method described here estimates loads and boundary
conditions of a finite element model for a structure using
displacement measurements, maximum in-plane shear strain
measurements, or a combination of both types of data. A least-
squares error function between the measured values and the
corresponding values obtained by finite element analysis is
minimized. The forces and compliance at the boundaries are treated
as variables and the optimal values of these are computed. Section II
describes the objective function to be minimized and describes a
Gauss—Newton approach for minimizing the objective function. A
method for efficiently computing the gradients of the objective
function are also described in this section. Examples that were used
to validate the algorithm are described in Sec. III. The examples
include structures that are modeled using two- or three-dimensional
finite element models. For validation purposes, structural response
data computed using these models were used, instead of
experimentally measured data, to compute the loads that were
applied. Section IV provides the conclusions and discussion.

II. Optimization Method for Solving
the Inverse Problem

Full-field measurements yield a large amount of data which can be
used to update or correct the loads and boundary conditions of the
model. Assuming that displacements, maximum shear strain, or a
combination of the two are available at a sufficient number of points
on the surface, an inverse problem can be solved to determine the
loads and boundary conditions that would produce these
displacements and strains. A least-squares minimization approach
is used here to solve this inverse problem where the objective
function is defined as the sum of the squares of the error between the
displacements and strains obtained from the finite element analysis
and the corresponding values measured experimentally. For the
structure being modeled, it is assumed that the location of the
application of the loads is known. Therefore, an initial guess for the
loads are applied as nodal forces in the finite element model to
specify the location where the loads are applied and the nonzero
components of these applied nodal forces are treated as the unknown
variables. Similarly, it is assumed that the region of the boundary of
the structure that is supported by nonrigid (or compliant) fixtures is
known. To model the compliances, springs are attached to the nodes
at the location of the compliant supports and the compliances of these
springs are treated as unknown variables to be solved for during the
least-squares minimization. Up to three springs are attached at each
node to represent the compliance in the x, y, and z directions. The
objective function for the minimization can be written as

m 1
E(u):Z;U%JrZIG_% (1)
i= j=

where

Ui=u;—i; Gi=y,—V¥; (2)

It is assumed that m displacement data (components of
displacement measured at many points) are available on the surface
of the structure and that maximum shear strain is available at / points.
The objective function is a function of the variables, denoted by the
vector v, which consists of the nodal force components and unknown
spring compliances, whose components are inverse of the spring
stiffness. The total number of unknowns is the sum of the number of
unknown force components and spring compliances. The
components of the vector v can therefore be defined as

— fi lE[l,p]
v"_{y,- ielp+1,p+4q ®

The errors U; and G, are in general nonlinear functions, therefore
the objective function is not necessarily quadratic. However, if only
displacement data are available and the unknowns are just the applied
forces, then U; are linear functions and the problem reduces to
unconstrained quadratic programming. For the general case, we need
to solve an unconstrained nonlinear optimization problem for
computing the loads and compliances. The Gauss—Newton
minimization approach is very efficient for solving least-squares
minimization problems. At each iteration, the error functions are
linearized at the current value of the variables so that the objective
function becomes quadratic and can be solved by a single Newton
iteration. If v" is the value of the variable at the nth step of the
iterations, then U; and G; are linearized as

0

. U, - 3G,
Ul-(v)zU,-(v")+a—v’ Av,  G;(v) =G,;(v") +——1| Av,

v
“
where Av, is acomponent of step vector Av = v — v" and there is
an implied sum on the repeating index r. After substituting these

linearized error functions into the objective function E, the
optimality criteria for the resulting quadratic objective function is
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The preceding equation is linear in Av, and all the error functions
and the derivatives in the equation are evaluated at v = v”. There are
implied sums on all repeating indices. The components of unknown
variable vector v can be updated at (n + 1)th step as

VIt =7 4 Av, (6)

Both displacement and strain error computation require a finite
element analysis, therefore, the gradients of these error functions,
needed in Eq. (5), cannot be computed efficiently by finite difference
approach. A sensitivity analysis using an adjoint variable method is
required. The method for computation of the gradients is briefly
discussed next. Based on Eq. (2), the gradients of the error functions
U, and G; are the same as the gradients of the displacements and
maximum shear strains, respectively. The displacements and
maximum shear strains are functions of nodal forces F and the
compliances y.

u; =u;(f,y) Vi= )/_/-(u) = yYu(f, y)] @)

The displacements are computed by solving the system of linear
equations generated by the finite element model

Kiju = fi 3

Taking the derivative of the Eq. (8) with respect to the force
component f yields the following equation which can be solved to
obtain the derivatives of displacements with respect to force
components.

u;
Kija_‘; = ;s )

where, §;, is the Kronecker delta. Solving the preceding equation
yields the derivative of all the displacement components, whereas
only a subset of these, corresponding to the points at which data are
available, is needed for the computation of error.

The derivatives of the displacement with respect to spring stiffness
can be computed by differentiating Eq. (8) with respect to the spring
constants k.

..%z_aKUM. (10)
Y 0k, ok,

Solving the preceding equation gives the derivative of the
displacement components with respect to spring stiffness which can
be converted to derivative with respect to spring compliance using
the relation between stiffness and compliance.

ou; ou;
i _k2 i
Y, * Ok,

an

The maximum in-plane shear strains are computed at points on the
surface of the structure using a local coordinate system xyz
constructed such that the z axis is in the direction of the normal to the
surface at those points. The normal direction (or z direction) is one of
the principal directions of strain on any surface of a structure that
does not have loads acting on it. Therefore, if the strain components
are expressed with respect to this local coordinate system, then the
maximum in-plane shear strain can be computed as

Ex_vz _ sxyz 2 )
y= \/(—” 5 22) + () (12)

The expressions for the derivatives of the maximum in-plane shear
strain with respect to the unknown variable v, can be obtained
through chain rule differentiation.

dy _ by Dei” de” (13)
v, ey 0% O,

The first term on the right hand side of the preceding equation can
be computed by differentiating Eq. (12) with respect to each of the
local strain components. The local strain components and the global
strain components are related through a coordinate transformation
matrix so that &;;° = T} *T);. Upon differentiating with respect to
each global strain component, the second term in Eq. (13) can be
computed as

962"
i —
97 = TuTy; (14)

In the finite element method, the global strain components at any
point in an element are computed using the nodal displacements of
the element. The relation between the nodal displacements and the
strains is given as

exyzzl( WNe 3Nk) (15)

o %+
v 2\ ox; ! Ox;

where, u;; is the jth displacement component of the ith node of an
element and N, are the shape functions of the element. The
derivatives of strain with respect to the variables can be computed by
differentiating Eq. (15) with respect to the unknown variable v;.

deXr” :l duy; ON Ouy; ON,
v, 2\ 0v, Ox; v, Ox;

(16)

The derivatives of the displacement with respect to the variables
need to be computed first as described in Eqs. (9) and (11) and used in
Eq. (16) to compute the derivatives of the strain components. Finally,
substituting Eqgs. (14) and (16) in Eq. (13), the derivatives of the
maximum in-plane shear strains with respect to the unknown
variables can be computed. Several iterations are needed for
convergence when shear strain data are used. The magnitude of the
gradient of the objective function divided by the number of data
points is used for convergence checking.

III. Validation of the Algorithm

The optimization algorithm described in the previous section was
implemented and incorporated into a finite element program. This
software has been tested using several examples. In this section, four
examples are provided to illustrate the capability of this method to
determine the unknown forces and boundary conditions. In these
examples, the algorithms are tested using structural response data
that were generated either from analytical solutions or by finite
element analysis results. The algorithm is validated by using these
data to compute the loads. The computed load values are compared
with the actual loads that were applied to generate the data to
determine the accuracy of the method.

A. Beam Bending Under Linearly Varying Load

A cantilever beam problem with a known analytical solution is
considered first to test the ability of the algorithm to determine the
load distribution. Only displacement data generated using the
analytical solution for deflection of the beam were used for this
problem. Shear strain data were not used in this example. Figure 1
shows the beam with square cross section bending under the
application of a linearly varying distributed load.

The deflection at any point along the beam can be computed from
beam theory as

1 (—w0x4 wo.XS wOLx3 _ U.)OL3X) (17)

“TE\ 24 TorT 18 T 45
The objective of this example is to demonstrate the ability of the

algorithm to determine the load distribution on the beam when the
deflection of the beam is known at a few points on the surface.
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Fig. 1 Beam subjected to linearly varying load.
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Fig. 2 Finite element mesh of simply supported beam with a) assumed
loads, and b) computed loads.

A

Whereas the data were generated using analytical solution, the
calibration is done using a two-dimensional plane stress finite
element model which is incapable of reproducing the solution
exactly equal to the analytical solution due to modeling errors, even if
the exact value of the loads were known. This is similar to the
situation when experimental data are used for the inverse problem,
because the model used in the inverse algorithm is incapable of
reproducing the experimental data exactly, even if the exact loads
were known, due to modeling approximations.

The beam of length 1 m with a square cross section of side 5 cm
was modeled as a plane stress problem using four node quad
elements as shown in Fig. 2a. A linear load distribution was applied
(see Fig. 1.) with wy = 1000 N/m. The material properties for the
beam were assumed as 1) modulus of elasticity E = 2.07 x 10'! Pa,
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2) Poisson’s ratio v = 0.29, and 3) moment of inertia / = 5.2083 %
1077 m*.

The deflection along the beam was computed using Eq. (17) at 78
points and used as the structural response data. There are 41
unknown nodal forces acting on the top edge of the finite element
mesh. An arbitrary load distribution can be applied on the beam as the
initial values of the load at the start of the optimization iterations. In
this example, a uniform load with a magnitude of 2000 N/m, as
shown in Fig. 2a, was applied as the initial load. The load distribution
was then computed by the error minimization algorithm using the
displacement data obtained from the analytical solution. Figure 2b
shows the computed nodal forces acting on the finite element mesh of
the beam.

Figure 3 shows a plot of the analytical solution for deflection of the
beam along with the deflections obtained from finite element analysis
using both the initially assumed load and the deflections obtained
using the computed nodal forces. As seen in the figure, the
displacements obtained with the calibrated forces match very closely
with the analytically computed displacements.

The nodal forces equivalent to the actual load distribution were
computed by integrating the linearly varying load function. Figure 4
shows the nodal forces along the beam corresponding to the actual
load (as assumed in the analytical model), as well as the initial load
(uniform load) at the beginning of the iterations, and the nodal forces
computed by the optimization process all in the same plot. It can be
seen that the actual loading and the computed forces match very
closely through most of the length of the beam. However, there are
discrepancies at both ends of the beam. The beam has been modeled
in the inverse problem algorithm as a plane stress problem. There are
three nodes along the end face of the beam and only the middle node
was fixed so that the beam could rotate about this node to simulate a
pin joint. The concentrated reaction forces at these nodes produce
stress concentrations so that the solutions at the end cannot match the
analytical solution. Moreover, displacements computed using
quadrilateral elements are not exact and will not match the analytical
solution even if the exact loads used to compute the analytical
solutions are applied. Despite these factors, a reasonably good
estimate of the load is computed by the algorithm. The displacements
computed by the plane stress finite element model using these
computed loads closely match the analytical solution for
displacement.

B. Three-Dimensional Bracket-Like Structure

In this example, a three-dimensional finite element model of a
bracket-like structure is considered. The finite element mesh of the
bracket shown in Fig. 5 consists of ten node tetrahedral elements. The
right end of the bracket is clamped, whereas the top of the leftend was
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Fig. 3 Deflection along the length of the beam.
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Fig. 5 Finite element model of the bracket.

subjected to a load distributed over the surface as shown. The
material properties of the structure were defined as 1) modulus of
elasticity E = 2.07 x 10'! Pa, and 2) Poisson’s ratio v = 0.29.

To generate data for validating the algorithm, a total load of
1000 N was applied on the structure over 136 nodes as shown in
Fig. 5 and a finite element analysis was performed. The
displacements and maximum in-plane shear strains were computed
only on the planar surfaces of the bracket and stored as data for
subsequent validation of the inverse algorithm. A total of 446 shear
strains and 2658 displacement components at points on the planar
surfaces were used as the structural response data. In the inverse
problem, it was assumed that the forces acting on the structure were
unknowns and had to be computed. An arbitrary loading of 10,880 N
was assumed as an initial guess for the applied load. The optimization

8.9765E-5
8.0788E-5
7.1812E-5
6.2835E-5
5.3859E-5
4.4882E-5
3.5906E-5
2.6929E-5

1.7953E-5

8.9765E-6

0ED

a) Displacement magnitude

algorithm was used to minimize the error between the recorded
structural response data and the corresponding values from the finite
element model, solving for the 136 unknown force variables.
Figures 6a and 6b show the displacement and von Mises stress
contours obtained by finite element analysis when a load of 1000 N
was applied for generating the structural response data. A gray scale
pattern is used to display the values so that it can be better visualized
in print. The minimum value is shown as black color which changes
continuously through various shades of gray with the maximum
value displayed as white. Figures 7a and 7b show the same values
computed using the assumed initial loading of 10880 N. After
computing the optimal load values using the minimization algorithm,
these computed loads were applied on the same finite element mesh
to compute the displacement results. The displacement magnitude
and von Mises stresses obtained using the computed load are shown
in Figs. 8a and 8b, respectively. Comparing the two results, it can be
seen that displacements and stresses predicted by the computed loads
in Fig. 8 are almost identical to those computed using the exact load
in Fig. 6. The total load or the sum of the nodal forces computed was
found to be 1000.0002 N which is almost exactly equal to the load
that was applied to generate the data. Convergence was obtained after
four iterations. The total CPU runtime was approximately 130 s on a
personal computer. There is almost no error between the computed
loads and the actual loads because the structural response data were
obtained from the finite element analysis using the same mesh. In
other words, the model used to generate the data is identical to the
model used in the inverse problem. However, if experimental data
are used or if the data are generated by a different model (such as an
analytical solution), then it is unlikely that the computed forces will

1.9901E4
1.7911E4
1.5921E4
1.3931E4
1.1941E4
9.9505E3
7.9604E3
5.9703E3
3.9802E3
1.9901E3

0EO

b) Von Mises stress with actual loading
Fig. 6 Results obtained by finite element analysis for a 1000 N load.
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a) Displacement magnitude

1.6084E5

1.4475E5
1.2867E5
1.1259€5
9.6503E4
8.0419E4
6.4335E4
4.8251E4

3.2168E4

1.6084E4

0ED

b) Von Mises stress with assumed loading

Fig. 7 Results obtained by finite element analysis with an assumed initial loading of 10,880 N.

exactly match the applied forces. The effect of errors in the data is
studied in a later example.

C. Bracket with Unknown Loading and Boundary Conditions

A planar bracket that can be modeled as a plane stress problem is
considered in this example to illustrate the capability of the
optimization algorithm to estimate compliance at support
boundaries. When a structure is supported by components in
contact, whose compliances cannot be neglected, then the inverse
problem algorithm can be used to determine these compliances.
Figure 9 shows the bracket loaded with an unknown force at hole 1.
The structure is supported by pins/bolts with compliant bushings
through holes 2 and 3. To simulate the compliant supports, springs
were attached at the nodes on the holes. Because this is a two-
dimensional problem, two springs were attached at every node on
holes 2 and 3 to simulate the compliance in the x and y directions.

8.9765E-5
8.0789E-5
71812E-5
6.2836E-5
5.3859E-5
4.4883E-5
3.5906E-5
2.693E-5

1.7953E-5

8.9765E-6

0ED

a) Displacement magnitude

One end of the spring is fixed, whereas the other end is attached to a
node. There were a total of 56 springs attached to the mesh.

The structure was modeled as a plane stress problem with
quadrilateral elements with two-dimensional spring elements
attached at all compliant supports. The material of the bracket was
assumed to be steel with Young’s modulus E = 2.07 x 10'! Pa and
Poisson’s ratio of 0.29. Again, to generate structural response data,
finite element analysis was performed with all the spring constants
set to k;=5x 10" N/m?, i=1,2,...,56. The nodal forces
applied at hole 1 for generating structural response data are listed in
Table 1 under the column named actual nodal forces. The maximum
in-plane shear strain at the midpoint of the elements and
displacement at the nodes were computed by finite element analysis
and used as structural response data.

In the inverse problem, the 14 nodal forces and the 56 spring
compliances were treated as unknowns. The initial values for the
spring stiffness were taken to be 2 x 10'* N/m?. The actual nodal

1.9898E4

1.7908E4

1.5918E4
1.3928E4
1.1939E4
9.9489E3
7.9591E3
5.9693E3
3.9796E3

1.9898E3

0EO

b) Von Mises stress with computed loading

Fig. 8 Results obtained by finite element analysis with computed loading.
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Hole 1

Hole 3

,_._
LA

Hole 2

Fig. 9 Finite element mesh of the bracket.

forces and the forces computed by the optimization algorithm are
shown in Table 1. Stiffness of all the springs was computed to be
5 x 10" N/m?. It was seen that even though the starting values of
the forces and stiffness were arbitrary, almost the exact solution was
obtained for forces and stiffness by solving the inverse problem in
this example, again because the data was generated by the same
model that was used in the inverse problem.

D. Plate with Hole Example to Study Effect of Error in Data

In experimentally obtained data, there are typically errors
associated with the measurements. As seen in previous examples, the
forces and stiffness computed by the inverse problem can be exact if
the data have no error and the model is capable of generating a
solution that matches exactly with the data. In this example, a plate
with a hole was modeled using plane stress elements to generate the
structural response data and also for the inverse problem. To simulate
the effect of measurement errors, arbitrary errors were added to data
generated by finite element analysis with known loads. When both
displacement and shear strain data are used for the calibration, as in
the last two examples, it is not clear that both are contributing to the
computed load. Therefore, in this example, only maximum shear
stress data are used to show that the algorithm can compute the loads
accurately even in the absence of displacement data.

Figure 10 shows the finite element model and the actual applied
loads that were used to generate structural response data. In this
example, a rectangular steel plate 6 x 4 in. with a circular hole of
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Fig. 10 Finite element mesh of plate with a circular hole.
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Fig. 11 Finite element mesh with assumed load.

diameter 1.4 in. was axially loaded by a total load of 1000 Ib applied
uniformly at one end, while the other end of the plate was clamped as
shown in Fig. 10. Only the maximum shear strain data were
computed by finite element analysis and errors were added to the
computed strain data before using it as structural response data. The
error values were created using a random number generator after
magnifying the random numbers to be equal to a specified percentage
of the applied load. An arbitrary load (as shown in Fig. 11) was used
as the initial load for the inverse problem. The sum of the nodal forces
for this initial load was 1350 Ib. The inverse problem was solved
three times with different percentage errors (2, 5, and 10%) added to
the strain data.

Figure 12 shows the plot of the actual nodal forces and the forces
computed using 2, 5, and 10% error data. It is found that as the error in
the data increases, the error in the values of individual nodal forces
increase. However, the total load acting on the plate was estimated to
be very close to the actual value. Table 2 lists the total loads obtained
with each set of data.

Table 1 Force estimation for bracket problem

Node Actual nodal force, N Assumed nodal force, N Computed nodal force, N
F, F, F, F, F, F,
13 -50 —240 —500 —-500 —50.0 —239.9
118 —100 —180 —500 —500 —-99.9 —180.0
119 —500 -50 —500 —-500 —500.0 —49.9
120 —800 —-20 —500 —-500 —799.9 —20.0
121 —890 -20 —500 —500 —889.9 —-19.9
122 —993 -50 —500 —500 —993.0 —49.9
123 —995 —180 —500 —-500 —994.9 —180.0
124 —1000 —240 —500 —-500 —999.9 —239.9
125 —995 —-270 —500 —500 —995.0 —269.9
126 —993 —290 —500 —500 —-992.9 —290.0
127 —890 —300 —500 —-500 —890.0 —299.9
128 —800 —300 —500 —500 —800.0 —299.9
129 —500 —290 —500 —-500 —499.9 —290.0
130 —100 —270 —500 —500 —100.0 —269.9
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Fig. 12 Plot of actual and estimated loads.

The maximum value of shear strain near the stress concentration
was 3.4876 x 10~® with an axial load of 1000 Ib. The maximum
value of shear strain at the same location obtained with nodal forces
computed with up to 2, 5, and 10% error in structural response is
shown in Table 2. The errors in the maximum shear strain using the
computed nodal forces are less than the errors in the structural
response data that were used to compute these forces. This is due to
the ability of least-squares minimization algorithms to filter out
random errors very effectively. On the other hand, if the errors were
biased to one side or the other that would have resulted in larger
errors in the shear strain values obtained using the computed loads.

IV. Conclusions

An inverse problem approach for solving for applied loads and
boundary conditions using observed response of the structure is
presented. If experimental data of the structural response are
available, either displacements or maximum shear strains, at enough
points on the surface of the structure, then the method presented here
can be used to compute applied loads and compliance at supports.
Many experimental procedures, including the full-field strain
measurement techniques, can often measure the structural response
only at a portion of the surface of the structure. The algorithm
presented here can then be used to estimate the applied loads and
boundary conditions to update the finite element model so that
reliable results can be obtained for the entire structure. The inverse
problem is solved by a least-squares error minimization approach,
where an error function constructed as the sum of squares of error
between the predicted and measured data (strains/displacements) is
minimized. Nodal forces or compliance of the springs attached at
supports are solved by unconstrained minimization of the error
function. Compliances of the springs were used as the variables
instead of the stiffness of springs because the displacements are
inversely proportional to stiffness and directly proportional to
compliances. Therefore, the objective function is almost quadratic
with respect to compliances, whereas it is an inversely related
nonlinear function with respect to the stiffness of springs. The
Gauss—Newton algorithm is able to minimize the objective functions
efficiently when compliances of springs are used as the variables,
whereas it often does not converge when stiffness of springs is used
as the variables.

Table 2 Error estimate in computed loads

Computed Errorin  Maximum value Error in maximum
total load, % of shear strain value of shear

load, Ib strain, %
Data with 1000.6 —0.06  3.4902 x 10~° —0.07
2% error
Data with 999.7 0.03 3.4843 x10°° 0.09
5% error
Data with 998.2 0.18  3.4790 x 10~° 0.25
10% error

The examples presented here demonstrate that this technique is
quite efficient and can reliably predict the unknown forces and
boundary conditions. The results obtained are exact (but for
numerical round-off errors) if the structural response data are
generated using the same model that is used in the inverse problem.
However, even if the data have random errors, the least-squares
approach was found to yield results with a smaller percentage error
for quantities, like the total load and the strains, away from the
boundaries on which the load is applied. Modeling errors always
exist and ensure that the values predicted by the model are never
identical to experimental data even if the exact loads were known and
the experimental data did not have any errors. However, as the first
example in this paper showed, even when the model is unable to
reproduce the data when the exact loads are applied, the algorithm is
still able to compute a load distribution that is fairly close to the actual
load, and the computed displacement using the computed load has
even less error. Many previous papers have attempted to solve for
concentrated loads or distributed loads that were parameterized to
reduce the number of unknowns. The algorithm presented here is
capable of computing load with higher resolution due to its ability to
handle very large number of unknowns and to use very large data sets
as obtained by full-field measurement techniques. The algorithms
presented are being tested using experimental data obtained using
luminescent photoelastic coatings [11] and will be published in a
journal related to experimental mechanics.
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